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Abstract

Conjugate mixed convection arising from protruding heat generating ribs attached to substrates (printed circuit boards) forming
channel walls is numerically studied. The substrates with ribs form a series of vertical parallel plate channels. Assuming identical dispo-
sition and heat generation of the ribs on each board, a channel with periodic boundary conditions in the transverse direction is consid-
ered for analysis. The governing equations are discretised using a control volume approach on a staggered mesh and a pressure correction
method is employed for the pressure–velocity coupling. The solid regions are considered as fluid regions with infinite viscosity and the
thermal coupling between the solid and fluid regions is taken into account by the harmonic thermal conductivity method. Parametric
studies are performed by varying the heat generation based Grashof number in the range 104–107 and the fan velocity based Reynolds
number in the range 0–1500, with air as the working medium. Results are obtained for the velocity and temperature distributions, natural
convection induced mass flow rate through the channel, the maximum temperatures in the heat sources and the local Nusselt numbers.
The natural convection induced mass flow rate in mixed convection is correlated in terms of the Grashof and Reynolds numbers. In pure
natural convection the induced mass flow rate varies as 0.44 power of Grashof number. The maximum dimensionless temperature is cor-
related in terms of pure natural convection and forced convection inlet velocity asymptotes. For the parameter values considered, the
heat transferred to the working fluid via substrate heat conduction is found to account for 41–47% of the heat removal from the ribs.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Since the publication of the classic papers of Graetz [1]
on forced convection, Elenbaas [2] on natural convection
and Ostrach [3] on mixed convection, the subject of chan-
nel convection received much attention as revealed by the
excellent reviews of Shah and London [4], Ostrach [5], Rai-
thby and Hollands [6] and Aung [7]. Thermal problems
related to the cooling of electronic devices gave impetus
to new research in the area of channel convection due to
factors like discrete heating, coupling of conduction in
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the substrate and components with the fluid convection.
The practical importance of such problems was emphasized
in several reviews, for example, in [8]. Since the subject of
the present work is combined free-forced convection in a
channel with heat generating protruding heat sources
mounted on a substrate, the relevant literature is briefly
reviewed here.

Davalath and Bayazitoglu [9] numerically studied the
two-dimensional forced convection in a series of channels
formed by parallel plates with surface mounted rib-like vol-
umic heat sources for both insulating and conducting sub-
strates. The stacking of parallel plates in the transverse
direction was simulated by periodic boundary conditions.
Young and Vafai [10] conducted an experimental and
numerical study of forced convection from single and mul-
tiple (up to five) protruding ribs with isoflux bases attached
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Nomenclature

a thermal diffusivity (m2 s�1)
c specific heat capacity (J kg�1 K�1)
g gravitational acceleration (m s�2)
Gr Grashof number, gbDTW 3

c=m
2
f

H height (m)
n distance measured normal to the block surface

into the fluid (also exponent in the correlation
for vin;nc) (m)

Nu Nusselt number
p excess pressure over the hydrostatic (Pa)
Pr Prandtl number, mf/af

_q heat flux (W m�2)
_QL heat generation rate per unit length of heater

perpendicular to the x–y plane (W m�1)
R2 multiple correlation, 1 � mean square error/

variance
Re Reynolds number, ðvin;fcW cÞ=mf

s distance along solid–fluid interface (m)
t time (s)
T temperature (�C)
u,v velocity components in x- and y-directions

m s�1

W width (m)
x,y Cartesian coordinates (m)

Greek symbols
a heat transfer coefficient (W m�2 K�1)
b volumetric expansion coefficient of the fluid

(K�1)
d function with value unity in heat generating

region and zero in other regions

DT characteristic temperature difference, _QL=kf (K)
k thermal conductivity (W m�1 K�1)
m kinematic viscosity (m2 s�1)
q density (kg m�3)
w stream function (m2 s�1)

Subscripts

a, l average, left
a, r average, right
c channel
f fluid
fc forced convection
h heater
in inlet
l, l local, left
l, r local, right
L per unit length of block
max maximum
nc natural convection component in mixed convec-

tion
pnc pure natural convection
p package (or constant pressure)
ref reference quantity
s substrate
w solid (substrate, package or heater)

Superscripts
*,+ dimensionless quantity
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to one wall of a rectangular duct and obtained correlations
for Nusselt number. Their results also show that by proper
placement of taller ribs, the heat transfer from the ribs in
the downstream vicinity can be enhanced. Wang and Saul-
nier [11] studied the conjugate forced convection heat
transfer in a two-dimensional channel constituted by two
PCBs with four uniformly heated integrated circuits for
steady-state conditions and reported the effect of the ther-
mal conductivity of the substrate and package materials on
the fluid and heat flow fields. Developing flow and heat
transfer results of Kim and Anand [12] for a similar geom-
etry with cyclic conditions in the transverse direction show
that periodically developed (PD) conditions can exist in a
channel with five modules for lower Reynolds numbers,
higher channel widths and rib spacings and that even a
lower thermal conductivity substrate can effectively redis-
tribute the heat and reduce the block temperatures. Kim
and Anand [13] reported the results for the same problem
with the assumption of PD conditions as they can lead to
acceptable, though conservative, block temperature esti-
mates with reasonable computational costs. Asako and
Faghri [14] reported three-dimensional computational
results for forced convection from block-like components
heated by thin heaters mounted on an insulated substrate
assuming PD conditions in the streamwise direction.
Comparison with two-dimensional results of rib-like
components for axial flow and cross-flow reveals that
two-dimensional computations can have good predictive
capability in some parameter ranges.

Natural and mixed convection studies that take into
account the heat conduction in the protruding sources
and the substrate received relatively less attention for both
plate and channel geometries.

Natural convection from a vertical plexiglass surface
with eight stainless steel protrusions heated with foil heat-
ers was experimentally investigated by Joshi et al. [15] with
water as the working medium. Wang et al. [16] studied the
laminar natural convection air-cooling of five wall-
attached protruding, discretely heated integrated circuit
packages attached to a vertical substrate and reported the



Fig. 1. (a) Geometric configuration; (b) physical model and coordinate
system.
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effects of substrate and component conduction on natural
convection.

The numerical study on horizontal and vertical channels
performed by Kim et al. [17] considers mixed convection
with three heated modules and cyclic conditions in the
direction perpendicular to the substrate. This geometry
resembles that considered by Davalath and Bayazitoglu
[9] for forced convection and Wang and Saulnier [11] for
natural convection. Kim et al. [17] report that the cooling
efficiency of vertical channels is slightly better than that
in horizontal channels and that simple isothermal or adia-
batic conditions for the substrate are not adequate to
model real systems. The results of a numerical study on
laminar mixed convection in a vertical channel with peri-
odic boundary conditions in the transverse direction and
with foil-like discrete heaters were reported by Watson
et al. [18] taking into account the substrate heat conduc-
tion. Najam et al. [19] applied PD conditions for mixed
convection in a horizontal channel with protruding isother-
mal blocks and found that an unsteady flow results because
of the interaction of natural convection cells with stream-
wise flow. Rao et al. [20] investigated the interaction of sur-
face radiation with mixed convection in a vertical channel.
The natural convection component was driven by symmet-
rically deployed discrete volumic heat sources in the
channels walls. The sources span the full thickness of the
wall. The wall heat conduction coupling was treated as a
boundary condition with a fin-type equation and heat
transfer correlations were obtained from computational
results covering a wide parametric space. Representative
papers aimed at the enhancement of mixed convection
heat transfer are those of Sultan [21] and Wang and Jaluria
[22].

Braaten and Patankar [23] studied the laminar mixed
convection from block-like electronic components mounted
on the bottom or top wall of a horizontal channel invoking
PD conditions in the streamwise direction and treating the
channel walls as insulating or perfectly conducting. Their
study reveals that buoyancy enhances the forced convection
heat transfer with a slight increase in the pressure drop and
that the bottom-wall mounting of blocks and the use of
higher Prandtl number fluids is desirable for better cooling
efficiency of the devices. Sultan [21] experimentally studied
the mixed convection cooling enhancement of three isoflux
ribs attached to the bottom wall of a horizontal channel by
inducted air flow through perforations made in the channel
wall portion. At lower Reynolds number, the second heater
from the inlet side showed the highest temperature, while
at higher Reynolds number, the average temperatures of
the heaters were in ascending order. The flow through per-
forations are found to enhance the heat transfer by about
33%. Wang and Jaluria [22] examined the effect of a vortex
promoter placed between the horizontal walls of a channel
on the mixed convection heat transfer of two downstream
protruding isothermal blocks using a two-dimensional
model and report enhanced heat transfer due to resonant
effect.
2. Physical model and coordinate system

The physical model (Fig. 1) consists of a series of vertical
substrates with equal spacing and identical disposition of
ribs having the same volumetric heat generation. The ribs
are representative of discrete electronic packages densely
packed in the third direction. Neglecting the end effects, a
series of channels with identical, two-dimensional, flow
and temperature distributions can be envisioned. One such
channel, consisting of a substrate with sources and the back
surface of the following substrate is considered for the anal-
ysis. In view of the periodicity in the transverse direction,
periodic thermal boundary conditions are applied on the
vertical surfaces of the selected domain. An electronic pack-
age consists of a thin silicon wafer mounted on a substrate
which is sandwiched between epoxy or ceramic covers.
Hence the volumetric heat generation in the present study
is accounted for in the wafer portion rather than in the
entire package. The objectives of the work are to find the
temperature and velocity distributions inside the channel
and to determine several quantities of interest such as the
natural convection induced mass flow rate, maximum
dimensionless temperatures of the heat sources and the
local and average Nusselt numbers. In the computational
domain, there are two solid–fluid interfaces. The stepped
interface is referred to as the left solid–fluid interface and
the scheme of measuring the distance along this interface
is from the location with letter symbol ‘a’ to the location
with the symbol ‘v’, as shown in Fig. 2. The straight inter-
face, where the fluid comes in contact with the substrate
only, is referred to as the right solid–fluid interface.

3. Mathematical formulation

3.1. Governing equations

The flow and temperature distributions are governed
by continuity, Navier–Stokes and fluid and solid energy
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Fig. 2. Measurement of distance along the left solid–fluid interface of the
channel.
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equations. The radiative heat transfer, viscous heat dissipa-
tion and compressibility effects of air are considered to be
negligible. The effect of the density variation causing buoy-
ancy force is taken into account through the Boussinésq
approximation. The thermophysical properties of the fluid
and the solid regions are assumed to be independent of
temperature.

The governing equations in dimensionless form read:

ou�

ox�
þ ov�

oy�
¼ 0 ð1Þ
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The definitions of the various quantities appearing in the
above equations are as follows:

x� ¼ x
W c

; y� ¼ y
W c

; t� ¼ tmf

W 2
c

; u� ¼ uW c

mf

; v� ¼ vW c

mf

;

p� ¼ pW 2
c

qfm
2
f

; T � ¼ T � T f ;in

DT
; q�w ¼

qw

qf

; c�w ¼
cw

cp;f

;

k�w ¼
kw

kf

; Pr ¼ mf

af

; Gr ¼ gbDTW 3
c

m2
f

; DT ¼
_QL

kf
The subscript ‘‘w” denotes solid region (i.e., substrate,
package or heater). The first four equations in the
above set are respectively the continuity, x- momentum,
y- momentum and the energy equations, while the last
equation is the energy equation for the solid regions. The
dimensionless heat generation term is set to zero in the sub-
strate and in the regions of the package other than the
silicon wafer through the spatial function dðx�; y�Þ.

In mixed convection, the dimensionless inlet velocity v�in
is treated as the sum of the forced and the natural convec-
tion component (in the presence of mixed convection):

v�in ¼ Reþ v�in;nc ð6Þ

where Re is based on the fan velocity component. In the
pure natural convection case, Re is zero and v�in becomes
v�in;pnc. It may be noted that if Re is based on the total inlet
velocity, it would be non-zero even in pure natural convec-
tion and it would be difficult to distinguish between the dif-
ferent regimes. In order to delineate the forced and free
convection velocity components, the following approxima-
tion is made.

In pure natural convection, the flow is driven by buoy-
ancy with zero net pressure drop between the channel out-
let and the inlet, neglecting any pressure defects that may
occur at the inlet and the outlet. The same is assumed to
be true for the natural convection component in mixed
convection. Thus any pressure drop produced in mixed
convection is that of the forced convection for the corre-
sponding Re. To proceed with the solution, first the pure
forced convection problem with v�in ¼ Re and Gr = 0 is
solved for various values of Re and a correlation is estab-
lished between pressure drop Dp* and Re. The mixed
convection problem is then solved for a prescribed
dimensionless total inlet velocity v�in and Gr, and the pres-
sure drop Dp* is determined. Since by assumption, the
mixed and forced convection pressure drops are the same
for a given Reynolds number, the value of Re in mixed con-
vection can be found using the forced convection correla-
tion relating the pressure drop and the Reynolds number.
The quantity v�in;nc (denoting the dimensionless average nat-
ural convection inlet velocity in the mixed convection case)
is determined by subtraction, i.e., v�in;nc ¼ v�in � Re. In other
words, v�in;nc in mixed convection is treated as the additional
contribution to the total inlet velocity occurring with zero
overall pressure drop over that of the forced velocity com-
ponent Re resulting from the pressure drop. For Re = 0
and a given Gr, the dimensionless pure natural convection
inlet velocity v�in;pnc is separately determined by solving the
natural convection problem with equal pressure values at
the inlet and the outlet. For the same value of Gr, the
mixed and pure natural convection quantities v�in;nc and
v�in;pnc are not the same because of the differing temperature
distributions in mixed convection and pure natural convec-
tion for the same Gr. Moreover, v�in;nc does not necessarily
belong to that pure natural convection operating individu-
ally (i.e., without simultaneous interaction with the forced
flow), with zero overall pressure drop and with the same



G.M. Rao, G.S.V.L. Narasimham / International Journal of Heat and Mass Transfer 50 (2007) 3561–3574 3565
temperature field produced by mixed convection. It may be
noted that Dalbert [24] earlier distinguished the combined
and natural convection régimes in vertical channels based
on finite and zero overall channel pressure drop.
3.2. Boundary and initial conditions

The common boundary conditions for the forced, free
and combined convection cases are the no slip and mass
impermeability conditions at the solid boundaries, periodic
(or cyclic or repeated) conditions for the temperature on
the left and right boundaries of the computational domain,
insulated condition across the thickness of the substrate at
the entrance and exit sections, no temperature jump and
flux continuity at the solid–fluid boundaries. For the tem-
perature at the exit of the channel, Shyy [25] suggests zero
streamwise first derivative while Kennedy and Zebib [26]
suggest zero streamwise second derivative, as less restrictive
boundary condition, respectively. In the present work, the
former condition is used. A uniform temperature of the
fluid is prescribed at the inlet of the channel. The periodic
temperature conditions across the channel at any dimen-
sionless time can be mathematically stated as follows:

T �ðx�; y�Þ ¼ T � x� þ 1þ W �
s ; y
�� �
¼ T � x� þ 2þ 2W �

s ; y
�� �
� � �

¼ T � x� � 1� W �
s ; y
�� �
¼ T � x� � 2� 2W �

s ; y
�� �
� � �

0 6 x� 6 1þ W �
s

� �
; 0 6 y� 6 H �c

� �
ð7Þ

For forced convection, uniform streamwise velocity and
zero cross-stream velocity at the inlet, the pressure at the
exit and zero cross-stream velocity gradient in the stream-
wise direction at the exit are prescribed. The streamwise
velocity at the exit is determined using the continuity con-
straint. These conditions enable the pressure drop to be
determined. For natural and mixed convection cases, the
pressure drop between the entrance and exit of the channel
is prescribed, with the channel exit pressure fixed at zero.
The gradient of the cross-stream velocity in the streamwise
direction is set to zero at the entrance and exit of the chan-
nel. The streamwise velocity at the inlet and exit of the
channel is determined using the continuity constraint,
imposing the additional condition that the velocity profile
at the inlet to channel is rectangular.

The initial conditions are a quiescent state and a uni-
form temperature throughout the domain. The steady-state
solutions are large time solutions obtained by time-
marching.
3.3. Nusselt numbers

The left solid–fluid interface consists of substrate por-
tions and three faces of each package. The local heat trans-
fer coefficient at any location on the left interface, al,l is
defined as

al;lðT l;l � T inÞ � _ql;l ¼ �kf

oT
on

� �
l;l

ð8Þ
where _ql;l is the local heat flux and n is the distance mea-
sured normal to the block surface into the fluid. The local
Nusselt number is given by

Nul;l ¼ �
W c

T l;l � T in

oT
on

� �
l;l

¼ _ql;lW c

kfðT l;l � T inÞ
¼

_q�l;l
T �l;l

ð9Þ

where _q�l;l ½¼ ð _ql;lW cÞ= _QL� is the dimensionless local heat
flux. The local Nusselt number Nul,r on the fluid–solid
interface forming the right boundary of the computational
domain is similarly defined.

The average Nusselt numbers Nua,l and Nua,r on the left
and right solid–fluid interfaces are defined based on the
maximum temperature of the warmest heater, which is
the heater near the channel exit. For example

Nua;l �
aa;lW c

kf

¼ � 1

T �max

Z
oT �

on�

� �
l;l

ds�l ð10Þ

where the limits for the left interface distance s�l in the
integral are zero and the total interface length. The
average Nusselt number Nua,r is defined in a similar
manner.
3.4. Solution methodology

The common objective of the various numerical schemes
based on primitive variable equations is to find a pressure
field which leads to the satisfaction of continuity equation.
The SIMPLE (Semi-Implicit Method for Pressure Linked
Equations) algorithm has been adopted for the pressure–
velocity coupling. In this procedure, a pressure correction
equation is solved in lieu of the continuity equation. The
transient term is discretised using backward difference
and the combined convective and diffusive terms are discre-
tised with the Power-law scheme on a staggered mesh. An
iterative time advancement implicit method is adopted in
which the calculation at each time step involves sufficient
number of outer iterations on the set of equations. During
each outer iteration, the governing equations are again iter-
atively solved in a sequence. The method is described in
detail in [27]. The solution is obtained by vertical sweeps
and the well-known tri-diagonal matrix algorithm is used
as the equation solver. For the solution of temperature,
the cyclic tri-diagonal matrix algorithm, which takes into
account the cyclic or repeated conditions in the transverse
direction, is employed. The solid is considered as a fluid of
infinite viscosity and appropriate thermal conductivity. The
thermal coupling at the interface between the solid and
fluid regions is taken into account by the harmonic mean
thermal conductivity method. Although the interest lies
in steady-state solutions, the time-dependent formulation
is used for enhanced stability of the algorithm. In order
to accelerate convergence to steady state, a false transient
approach is adopted by setting the dimensionless thermal
capacitance of the solid to unity. Boundary conditions
are set via an extra layer of pseudo-cells.
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3.5. Validation of the computer program

A computer program is developed to solve the conjugate
channel convection problem described above. In order to
validate the computer program, the results for buoyancy-
driven natural convection flow in a differentially heated
cavity and conjugate forced convection in a horizontal
channel with periodic boundary conditions in the cross-
stream direction are reproduced by modifying the present
computer code. The results for the differentially heated cav-
ity are compared with the finite difference [28] and finite
element [29] benchmark solutions in Table 1. Fig. 3 com-
pares the isotherm map presented by Davalath and Bayaz-
itoglu [9], for horizontal channel mixed convection with
conducting plates of thermal conductivity ratio 10, dimen-
sionless block spacing 0.5, Reynolds number 750 and Pra-
ndtl number 0.7 with the isotherm map obtained with the
present code for the same problem. It can be seen that there
is a favourable agreement between the present and pub-
lished results for both the problems. Although not shown
Table 1
Comparison of the average hot wall Nusselt numbers from the present
code for the differentially heated square cavity problem with benchmark
solutions

Gr Present Reference
[28]

%
Difference

Reference
[29]

%
Difference

103 1.118 1.117 0.09 1.117 0.09
104 2.245 2.238 0.31 2.254 �0.40
105 4.509 4.509 0.0 4.598 �1.93
106 8.840 8.817 0.26 8.976 �1.51
107 16.845 – – 16.656 1.13
108 32.019 – – 31.486 1.69

2 4 6
0

0.2

0.4

0.6

0.8

1

0.03
0.06

0.0006

Y
/l

a

b

Fig. 3. Comparison of the isotherm map of Davalath and Bayazitoglu [9] (a) f
10, dimensionless block spacing 0.5, Reynolds number 750 and Prandtl numb
here, the program is also validated against the results of
mixed convection in a channel with discrete heat sources
[30]. Kim et al. [17] assumed the silicon wafer in the pack-
age to be a planar heat source, which is best described by a
heat generating interface from which heat is conducted to
either side. However, the authors describe the heat source
by including a Dirac delta function type spike in the source
term of the energy equation. It appears therefore that the
total heat generated depends upon the width of the layer
of computational cells approximating the silicon wafer.
The exact numerical artefact for accommodating a planar
source with a volumetric source in the energy equation is
not clear. When an attempt was made to reproduce the
results of Kim et al. by treating the silicon wafer as a vol-
umetric source of finite width, there was a good qualitative
agreement between the two sets of results.

3.6. Grid sensitivity tests

In order to select the grid sizes which yield reasonably
accurate predictions, grid sensitivity tests are conducted
with Re = 1200 for forced convection and with Re = 1200
and Gr = 5 � 106 for mixed convection. In choosing the
grids for grid independence study, the number of control
volumes for successive grids are increased roughly by a fac-
tor of 1.5 in each direction. The results of the grid variation
study are presented in Table 2, based on the results of
which the 45 � 259 grid is adopted for the parametric stud-
ies. This grid has 45 control volumes in the x*-direction and
259 control volumes in the y*-direction. The distribution of
the grid points (without the extra layer of pseudo-cells) is
shown in Fig. 4, where the continuous lines are the control
volume faces.
8 10 12 14

0.02

0.01

9

X/l

or conjugate forced convection in a horizontal channel (conductivity ratio
er 0.7) with that obtained from the present code (b).



Table 2
Sensitivity of the results for varying grids

Grid size Pure forced convection (FC) Mixed convection (MC)

Re = 1200 Re = 1200 Gr = 5 � 106

T �max � 102 Nua,r T �max � 102 Nua,r

30 � 175 5.2969 3.6510 5.0441 3.7855
30 � 259 5.2864 3.6386 5.0145 3.7823
30 � 390 5.2784 3.6404 4.9972 3.7902
45 � 175 5.2842 3.6842 5.0306 3.8341
45 � 259 5.2715 3.6739 4.9971 3.8346
45 � 390 5.2612 3.6736 4.9765 3.8386
68 � 175 5.2678 3.7187 5.0098 3.8842
68 � 259 5.2523 3.7094 4.9730 3.8875
68 � 390 5.2391 3.7078 4.9487 3.8941

0 1

0

2

4

6

8

10

Fig. 4. Grid point distribution in the 45 � 259 mesh.

Table 3
Dimensionless pressure drop across the channel for various Reynolds
numbers

Re Dp+ Re Dp+ Re Dp+

10 36.835 200 3.2794 900 1.8490
20 19.041 300 2.7097 1000 1.7991
30 13.148 400 2.4074 1100 1.7574
40 10.175 500 2.2158 1200 1.7224
50 8.4074 600 2.0816 1300 1.6925
75 6.0677 700 1.9820 1400 1.6668

100 4.9269 800 1.9102 1500 1.6443

Note: Dp* = Dp+Re2.
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4. Results and discussion

The geometric parameters and physical properties are
chosen as Hc = 170 mm, Hg = 15 mm, Hp = 15 mm,
Wc = 15 mm, Wp = 5 mm and Ws = 2 mm [11]. The ther-
mal conductivity of the package material ranges from
1 W m�1 K�1 (plastic type) to 20 W m�1 K�1 (ceramic
type) while that of the substrate varies from 0.1 W m�1

K�1 (badly conductive epoxy) to 100 W m�1 K�1 (metallic
core type). In the present study the least conductive
materials for the package (or integrated circuit) and the
substrate are chosen by taking the thermal conductivities
as 0.1 W m�1 K�1 and 1 W m�1 K�1, respectively, in order
to obtain conservative estimates for the maximum temper-
atures. Air is chosen as working medium (Pr = 0.7). The
dimensionless values of the geometric parameters are
H �c ¼ 11, H �g ¼ 1, H �p ¼ 1, W �

c ¼ 1, W �
p ¼ 0:333 and W �

s ¼
0:133. The thermal conductivity ratios for the package
and substrate are k�p ¼ 40 and k�s ¼ 4. The heat source is
the silicon wafer centrally located in the package with a
thickness and height respectively one-fifth and one-third
of the package. Hence H �h ¼ 0:333 and W �

h ¼ 0:0667. Since
the integrated circuit occupies a very small fraction of the
total package volume, the thermal conductivity k�h of the
heat source is assumed to be the same as that of the pack-
aging material, i.e., k�h ¼ 40. The heights of the bottom and
top substrate regions (ab and uv in Fig. 2) are taken equal
to the inter-block spacing.

The values of the dimensionless pressure drop across the
channel in forced convection are presented in Table 3.

4.1. Natural convection induced velocity in the presence of
mixed convection

The natural convection induced velocity v�in;nc in mixed
convection is plotted against the Reynolds number
Reð¼ vin;fcW c=mfÞ in Fig. 5 for various values of the Grashof
number. The values of v�in;nc for Re ¼ 0 correspond to the
pure natural convection case. It can be seen that at a given
Grashof number the quantity v�in;nc decreases with increas-
ing Reynolds number. This decrease is due to better cool-
ing of the components and consequent reduction in the
buoyancy. For higher Grashof numbers, a slightly sharper
decrease in v�in;nc can be seen during a range of intermediate
Reynolds numbers. This range is about 200–300 for
Gr = 5 � 106 and 300–400 for Gr = 107. However, such a
trend of v�in;nc with Re is not observed for lower Grashof
numbers. Fig. 5 shows that the natural convection induced
velocity tends to stabilise at a finite value with increase in
the Reynolds number. This can be clearly seen in the case
of lower Grashof numbers for which v�in;nc has already
reached nearly a constant value at a Reynolds number of
about 900.
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In obtaining a correlation for the natural convection
induced velocity, first two separate correlations fitting the
lower and higher ends of the chosen Reynolds number
range are obtained. The following composite correlation
spanning the complete range of Reynolds number is then
constructed obtaining guidance from the work of Churchill
[31]:

v�in;nc ¼
"

0:7744Gr0:42 � 0:7Reþ 0:2526Gr�0:42Re2
� �1

n

þ 104:04þ 0:2631Gr0:84

Re

� 	1
n
#n

ð11Þ

where n = �5. The range of validity of the above correla-
tion is 0 6 Re 6 1500 and 104

6 Gr 6 107. For the above
correlation, the multiple correlation R2, defined as
1 � (mean square error)/(variance), is found to be 0.98.
The pure natural convection induced velocity can be pre-
dicted with a slightly better accuracy with the following
correlation (R2 = 0.987), rather than by setting Re = 0 in
Eq. (11):

v�in;pnc ¼ 0:59Gr0:44 ð12Þ
4.2. Streamline and isotherm maps

The stream function is defined by a line integral as
follows:

w� ¼ w�ref þ
Z
ðu� dy� � v� dx�Þ ð13Þ

where w�ref is taken as zero on the left solid–fluid interface.
The flow distribution is depicted by means of selected
streamline maps. In the case of forced and mixed convec-
tion cases, the stream function values are normalised with
the Reynolds number. Fig. 6 shows the streamlines for
Re = 200 and 1500 with Gr = 0 (i.e., pure forced convec-
tion). From these figures, it can be seen that at higher
Reynolds numbers, the stagnation points inside the inter-
component circulations tend to move towards the bottom
faces of the components. There is also a tendency for the
appearance of an additional vortex adjacent to the right
face of the bottom-most component. Fig. 7 shows the
streamline maps for Re = 0 (i.e., pure natural convection)
for Gr = 105 and 5 � 106. For the lower Grashof number,
the recirculations in the regions between the blocks are
weak with the stagnation point lying nearer to the upper
faces of the blocks. At the higher Grashof number, the in-
ter-block eddies are pressed towards the lower faces of the
components. An important difference in the flow field be-
tween the forced and free convection is that in the former
case the flow appears to exit the channel in an upward
direction while in the latter case a deflection of the stream-
lines to the left side occurs at the exit of the channel. The
streamline maps for forced convection (Gr = 0) and mixed
convection (Gr = 105, 106 and 5 � 106) are shown in Fig. 8
for Re = 200. The changes in the fluid circulation with
increasing Grashof number at this Reynolds number are
similar to those for pure natural convection.

The temperature distribution in the channel is depicted
by selected isotherm maps in Fig. 9 for Re = 200 and var-
ious Grashof numbers. It can be seen from this figure that
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the temperature distribution inside any package is typical
to the case where volumetric heat generation is present,
i.e., closed isotherms with the heat generated being con-
ducted down the gradient. For higher Grashof numbers,
namely, 5 � 105 and 106, more homogenisation of temper-
ature takes place in the heat source region of the package.
As the Grashof number increases, the penetration depth of
the thermal effects into the core fluid from the left side
packages and from the right side substrate surface
decreases due to higher velocities. The values of the dimen-
sionless temperature decrease with increasing Grashof
number only because the quantity T � Tin increases at a
smaller rate compared to the heat rate _QL. The dimensional
temperatures, however, increase with increasing Grashof
number. The temperature distributions for the pure forced
and natural convection cases are not shown because they
are qualitatively similar to the mixed convection case.

It may be noted that in view of the larger height to width
ratio of the channel, the aspect ratio is not maintained in
the contour maps.

4.3. Dimensionless solid–fluid interface temperature

The dimensionless temperature of the left solid–fluid
interface is shown in Fig. 10 for Grashof numbers 0, 105,
106 and 5 � 106. For each Grashof number, the variation
of the interface temperature is shown for various Reynolds
numbers (100, 400, 800 and 1200). With increasing distance
along the interface starting from the bottom of the channel,
the temperature on the whole increases, saving for the dips
in the substrate regions and weak local extrema in the com-
ponent regions. This is due to the heating of the working
fluid as it moves up the channel. The component at the
end of the channel registers in general the highest temper-
ature. Closer examination reveals that the anticlockwise
eddy in the inter-component spacing has the effect of low-
ering the block bottom face temperature as the right corner
is approached from the substrate end. The eddy, however,
has a less pronounced effect on the temperature of the
upper face of the block. The temperature of the vertical
face of the block adjacent to the fluid shows a local maxi-
mum because of the presence of the heat source inside the
package. The substrate appears to have good heat redistri-
bution capability due to its finite thickness. Increasing Rey-
nolds number has the effect of reducing temperatures at
various locations on the interface. The dimensionless inter-
face temperatures can be seen to decrease with increasing
Grashof number, but this will actually be an increase when
it comes to dimensional temperature.
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4.4. Local Nusselt number along the solid–fluid interfaces

The variation of the local Nusselt number Nul,l along the
left solid–fluid interface inside the channel is shown in
Fig. 11. It can be seen from this figure that at any Grashof
number, the gap regions between the packages can result in
small but negative local Nusselt numbers. The reason can
be traced to the fact that a substantial heat transfer takes
place from the horizontal surfaces of the packages into
the fluid recirculating in the inter-rib spacing. It may be
noted that the package thermal conductivity ratio is 10
times that of the substrate. In view of this, there is a tem-
perature gradient across the thickness of the substrate
favouring heat transfer from the inter-rib spacing into the
fluid flowing on the other side of the substrate, although
for the chosen parameters this heat transfer is very small,
as already mentioned. The larger temperature dips on the
left solid–fluid interface in the inter-rib spacings can also
be attributed to this behaviour.

Moreover, while the local Nusselt number along the bot-
tom face of the component increases, it decreases along the
vertical and the upper faces. Barring the substrate region at
the channel inlet, the module-to-module variation of the
local Nusselt number becomes almost the same for the rest
of the channel. At a corner, a local Nusselt number can be
defined in either direction. In view of this, discontinuities in
the local Nusselt number can be seen at the various cor-
ners. It can be seen that the trend of the local Nusselt num-
ber is similar in both pure natural convection and mixed
convection cases.

The variation of the local Nusselt number Nul,r for the
right solid–fluid interface is shown in Fig. 12. It can be seen
from this figure that the local Nusselt number variation
along the right solid–fluid interface is undulatory with local
maxima occurring in the regions adjacent to the blocks and
local minima in the regions adjacent to inter-component
spaces. The local Nusselt number Nul,r is much higher at
the entrance and decreases sharply within a small distance
downstream. This behaviour can be attributed to the fact
that Nul,r is directly proportional to the heat flux and inver-
sely proportional to the surface temperature. If the right
solid–fluid interface is imagined to be composed of seg-
ments each spanning the center-to-center distance of the
packages, it can be seen that the corresponding locations
of the segments show progressively lower local Nusselt
numbers, but the trend downstream is a gradual and
almost linear decrease. The effect of increasing Reynolds
number at any given Grashof number is to increase Nul,r

at any location. A comparison of the subfigures shows that
an increase in Grashof number tends to improve the value
of Nul,r. However, it can be seen that the improvement in
Nul,r with increasing Reynolds number decreases at higher
Grashof numbers.

4.5. Maximum dimensionless temperature

Fig. 13 shows the variation of the maximum dimension-
less temperature with Reynolds number for various Gras-
hof numbers. In the channel, local temperature maxima
occur inside each package. The maximum dimensionless
temperature T �max referred to here is the maximum of the
local maxima and occurs in the heat source of the package
located at the channel exit. The curves for the different
Grashof numbers are seen to merge with that of the pure
forced convection beyond a Reynolds number of 1000,
indicating the threshold of the region of forced convection
dominance. Thus the results show that in the range of Rey-
nolds number between 0 and 1000, the assumption of either
pure natural convection or pure forced convection can lead
to inaccuracies in the prediction of the maximum tempera-
ture. Although the dimensionless maximum temperature
decreases with increasing Grashof number, it should be
noted that the dimensional temperature actually increases,
because for fixed geometrical parameters and a given heat
transfer medium, an increase in Grashof number means
an increase in the heat generation. This can be seen from
Fig. 14, where the maximum dimensional temperature is
plotted against the fan velocity for a channel geometrically
similar to that shown in Fig. 1 with width Wc = 30 mm, for
an inlet air temperature of 25 �C. The power ratings shown
are for packages each of breadth, height and width 30 mm,



a c e g i k m o q s u v

0.02
0.04
0.06
0.08

0.1
0.12

T*

a c e g i k m o q s u v

0.02

0.04

0.06

0.08

0.1

T*

a c e g i k m o q s u v

0.02

0.04

0.06

T*

a c e g i k m o q s u v

0.01

0.02

0.03

0.04

0.05

T*

a

b

c

d

Fig. 10. Variation of the dimensionless temperature along the left solid–fluid interface. Dot-dash line: Re = 100. Continuous line: Re = 400. Dotted line:
Re = 800. Dashed line: Re = 1200. (a)Gr = 0, (b) Gr = 105, (c) Gr = 106, (d) Gr = 5 � 106.

a c e g i k m o q s u v
−20

0

20

40

60

80

N
u

l,l

(a) Gr=0

a c e g i k m o q s u v
−20

0

20

40

60

80

(b) Gr= 5 × 106

N
u

l,l

Fig. 11. Variation of the local Nusselt number along the left solid–fluid
interface. Dot-dash line: Re = 100. Continuous line: Re = 400. Dotted
line: Re = 800. Dashed line: Re = 1200. (a) Gr = 0, (b) Gr = 5 � 106.

1 2 3 4 5 6 7 8 9 10 11
0

10

20

30

40

50

y *

N
u

l,r

Re=100
Re=400
Re=800
Re=1200

1 2 3 4 5 6 7 8 9 10 11
0

10

20

30

40

50

y *

N
u

l,r

Re=100
Re=400
Re=800
Re=1200

a

b

Fig. 12. Variation of the local Nusselt number along the right solid–fluid
interface. (a) Gr = 0, (b) Gr = 5 � 106.

G.M. Rao, G.S.V.L. Narasimham / International Journal of Heat and Mass Transfer 50 (2007) 3561–3574 3571



0 0.2 0.4 0.6 0.8
20

30

40

50

60

70

80

90

100

110

Velocity (m/s)

T m
ax

 (o c) 0.16 W (Gr=105)
0.8 W (Gr=5 × 10 5)

1.6 W (Gr=106)
8 W (Gr=5 ×  10 6)

Fig. 14. Variation of the maximum dimensional temperature with forced
velocity for various power ratings of the packages (breadth, height and
width of each package: 30 mm � 30 mm � 10 mm) for an inlet air
temperature of 25 �C.

50 200 400 600 800 1000 1200 1400
0

0.05

0.1

0.15

0.2

0.25

0.3

Reynolds number, Re

D
im

e
n

s
io

n
le

s
s

 m
a

x
im

u
m

 t
e

m
p

e
ra

tu
re

, 
T* m

a
x

Gr=0
Gr=104

Gr=105

Gr=5 × 105

Gr=106

Gr=5 × 106

Gr=107

Fig. 13. Variation of the maximum dimensionless temperature with
Reynolds number for various Grashof numbers.

3572 G.M. Rao, G.S.V.L. Narasimham / International Journal of Heat and Mass Transfer 50 (2007) 3561–3574
30 mm and 10 mm. In view of the two-dimensional approx-
imation, the packages are assumed to be arranged without
any spacing between them in the third direction. The tem-
peratures obtained for Gr P 5 � 106, for the chosen dimen-
sions, should be considered as an approximation because at
such high temperatures, the Boussinésq approximation can
become inadequate.

The pure natural convection correlation for T �max for the
range 104

6 Gr 6 5 � 106 is found to be

T �max ¼ 2:21Gr�0:24 ð14Þ
Including the data for Gr = 107 also, the correlation
obtained is
T �max ¼ 1:92Gr�0:22 ð15Þ

For the pure forced convection case (10 6 Re 6 1500) the
correlation is

T �max ¼ 1:49Re�0:48 ð16Þ

It may be noted that the exponent on Grashof number in
Eq. (14) is twice that on Reynolds number in Eq. (16).
However, with the forced convection and natural convec-
tion asymptotes chosen respectively as ð1=T �maxÞ=Re0:48 ¼
0:671 and ð1=T �maxÞ=Re0:48 ¼ 0:452Ar0:24 (where Ar = Gr/
Re2 is the Archimedes or the Richardson number), when
the quantity ð1=T �maxÞ=Re0:48 for the complete data is plot-
ted against Ar0.24 along with the natural and forced convec-
tion asymptotes, the merging of the data with the forced
convection asymptote is not found to be satisfactory.

Reexamination of the data revealed that a composite
correlation for 1=T �max can be constructed in terms of the
natural convection and forced convection inlet velocity
asymptotes. The correlation for pure natural convection
induced velocity for the range 104

6 Gr 6 107 is given by
Eq. (12). The relation for T �max in terms of v�in;pnc is

T �max ¼ 1:46v��0:51
in;pnc ð17Þ

The forced convection and natural convection asymptotes
are thus ð1=T �maxÞ=Re0:48 ¼ 0:67 and ð1=T �maxÞ=Re0:48 ¼
0:68v�0:51

in;nc =Re0:48. If the exponents of v�in;nc and Re are
rounded to 0.5 (nearest first decimal place), it is found to
be satisfactory to take forced and natural convection
asymptotes as ð1=T �maxÞ=Re0:5 ¼ 0:63 and ð1=T �maxÞ=Re0:5 ¼
0:7ðv�in;nc=ReÞ0:5, respectively. In terms of these asymptotes,
the following composite correlation can be presented using
the method of Churchill [31]:

1

T �max

¼ Re0:5 0:63n þ 0:7
v�in;nc

Re

� �0:5n
( )1=n

ð18Þ

With n chosen as 3/2, the complete data fits the above cor-
relation with an R2 value of 0.9984. The ranges of validity
for the above correlation are 104

6 Gr 6 107 and 10 6
Re 6 1500. The agreement between the computed data
and the correlation is shown in Fig. 15, from which the
mixed convection régime can be seen to span the range

0:2 < v�in;nc=Re

 �0:5

< 5. The correlation is based on 132

computed data points.

4.6. Substrate heat conduction

The effect of substrate heat conduction is shown in
Fig. 16. From this figure, it can be clearly seen that the heat
removal through substrate heat conduction accounts for as
high as 41–47% of the total heat generated in the compo-
nents over the parameter range considered, with the higher
value occurring at lower Grashof numbers for a fixed Rey-
nolds number. From this result it can be stated that simple
analyses with isothermal and isoflux boundary conditions
are not appropriate and that even a lower thermal conduc-
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tivity substrate can be very effective in heat removal and in
redistributing the heat from the components. However, the
heat removed by substrate heat conduction is also ulti-
mately transferred to the fluid from the smooth surface
of the substrate.

4.7. Average Nusselt numbers

The average Nusselt number Nua,l based on the maxi-
mum temperature is shown Fig. 17. It can be seen that Nua,l

has a variation which is roughly the opposite of T �max. How-
ever, Nua,l is not proportional to 1=T �max. This is because
the entire heat generated is not dissipated through the left
solid–fluid interface alone; some of it is conducted across
the substrate and is dissipated from the smooth surface
of the substrate (right solid–fluid interface). The variation
of the average Nusselt number Nua,r of the right solid–fluid
interface is found to be similar to that of Nua,l.
5. Conclusions

Two-dimensional, laminar, natural, forced and mixed
convective heat transfer from protruding volumic heat
sources attached to vertical substrates forming a series of
channels is studied numerically by selecting a representa-
tive domain with periodic thermal boundary conditions
in the transverse direction. The heat sources and substrates
simulate integrated circuit packages attached to printed cir-
cuit boards. The Reynolds number is based on the fan
velocity component rather than the combined natural
and forced convection velocity. The velocity induced by
natural convection in the mixed convection situation is
found by assuming that the mixed and forced convection
pressure drops through the channel are the same for a
given Reynolds number. At a given Grashof number, the
natural convection induced velocity component in the pres-
ence of mixed convection decreases with increasing Rey-
nolds number due to better cooling of the components
and consequent reduction in the buoyancy. The maximum
dimensionless temperature approaches the forced convec-
tion value for Reynolds numbers more than about 1000
for different Grashof numbers. In the range of Reynolds
number between 0 and 1000, the assumption of either pure
natural convection or pure forced convection can lead to
inaccuracies in the prediction of the maximum tempera-
ture. The heat removal by substrate heat conduction
accounts for as high as 41–47% of the total heat generated
in the components over the parameter range considered.
The results show that simple adiabatic boundary condition
for the substrate and isothermal or isoflux condition for the
heat source portions are not appropriate and that the con-
jugate nature of the problem should be duly considered
taking into account the heat conduction in both the com-
ponents and the substrate. Even a lower thermal conductiv-
ity substrate can be very effective in terms of heat removal
and redistribution of the heat from the components. Corre-
lations are obtained for the prediction of the natural con-
vection induced velocity in terms of the Grashof and
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Reynolds numbers. The maximum dimensionless tempera-
ture is correlated in terms of pure natural convection and
forced convection inlet velocity asymptotes for fixed geo-
metrical parameters and Prandtl number corresponding
to that of air.
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